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The geometry of our space would then he like that of a tridimensional 
sphere in a four dimensional manifoldness. This representation carries with it 
that the angle-sum in a triangle, as in ordinary spherical triangles, is greater 
than two right angles, and indeed the more so, the greater the triangle The 
straight would then have no point at infinity, and through a given point no 
parallel to a given straight could be drawn. Now Cayley constructed his cel- 
ebrated projective metrics to show how the ordinary Euclidean metrics may be 
taken as a special part of projective geometry. Klein generalizes Cayley and 
founds three metric geometries, the elliptic (Riemann's), the hyperbolic 
(Lobacheveky's), the parabolic, (Euclid's). 

This little paper of 1871 contains the promise of much that is most 
genial in the after work of a man now generally considered as the most interest- 
ing and one of the very gre:itost of living mathematicians. Of all those 
splended and charming series of lectures with which Klein has made Goettin- 
gen so attractive to the whole world, the most delightful and epoch-making 
are those on non^Euclidean geometry, (Nicht-Euklidische Geometric, I. Vor- 
losung,gehalten waehrend des Wintersemesters 1889-90 von F. Klein. Aus- 
gearbeitet von Fr. Schilling. Zweiter Abdruck. Goettingen 1898. Small 
Quarto, lithographed, pp. v. 365. II. Sommersemesters 1890. Zweiter 
Abdruck 1893. pp. iv; 238.) 

The World's Science Congress at Chicago was in nothing more fortunate 
than in the presence of Helmholtz and Felix Klein, and in the spontancou.s and 
universal homage accorded them no idea was more often emphasized than their 
connection with the birth and development of that wonderful new world of 
pure science typified in the non-Euclidean geometry. 

The narrow limits of this feeble sketch prevent the statement of how 
much promise, richly fulfille<l in the development of this many-sided man, in 
totally other directions is contained in a little-known paper of 1873, "Uel)er 
den allgemeinen Functionsbegriff iind (lessen Darstellung durch eine willkuer- 
liche Curve." 

Twenty years of prmluction and achievement have not in the least 
dampened the ardour of this enthusiastic mind. This very summer at the 
great meeting of scientists in Vienna Klein seemed the busyest, the foremost of 
all that goodly company. 
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Proposition vii. If in a quadrilateral two sides are e<iual, and the 
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other two sides are also equal; the quadrilateral may be inscribed either with 
the equal sides adjacent giving A BCD, or with the 
equal sides opposite giving A BCD . 

For ^ 6' is a diameter of the circumscribing 
circle in either case. 

PKOPOSixroN vii. To find the polygon of w sides 
of given perimeter and maximum area. 

Let ABCDEF etc. represent the polygon. 

Draw the diagonal A 0, and suppose the sides 

while the other sides remain fixed in magnitude and 
position, and we prove, as in Proposition II, that the 
area of ^5 C, and consequently of the polygon ij- a 
maximum, when AB=BC. Similarly IW-VD, 
CD='DE,etc. 

Therefore the polygon Is equilateral. 

Draw the diagonal AD. Then supposing AB, 
BC and CD to vary in position, while the other sides remain entirely fixed, wo 
prove, as in Proposition V, that the angles at B and ^^are equal. We prove 
in the same way that the angles are equal at C and Z>, at D and E, etc; and 
hence the angles are all equal. 

The polygon is therefore both equilateral and equiangular (that is 
regular) and is inscriptable in a circle. 

Pkoposition vm. Of all Polygons having the same area and the same 
number of sides, the regular polygon has the maximum perimeter. 

For let P be a regular polygon and JTany irregular polygon, having 
the same number of sides and area. 

Now if the perimeter of P was equal to that of J/ then (Prop. VII) the 
area of P would be greater than that of M, but since it is equal to that of M 
its perimeter must be less. 

tro be Continued. 1 
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PROPoemoN XII. Again I my the straight AD »meichere m that 
>nde will meet the straight PL {and indeed at a finite, or terminated distance) 
also in the hypothesis ofobtrise angle. 



